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INFERENTIAL THEORY FOR FACTOR MODELS
OF LARGE DIMENSIONS

By Jushan Bai
1

This paper develops an inferential theory for factor models of large dimensions. The
principal components estimator is considered because it is easy to compute and is asymp-
totically equivalent to the maximum likelihood estimator (if normality is assumed). We
derive the rate of convergence and the limiting distributions of the estimated factors, fac-
tor loadings, and common components. The theory is developed within the framework of
large cross sections (N ) and a large time dimension (T ), to which classical factor analysis
does not apply.

We show that the estimated common components are asymptotically normal with a
convergence rate equal to the minimum of the square roots of N and T . The estimated
factors and their loadings are generally normal, although not always so. The convergence
rate of the estimated factors and factor loadings can be faster than that of the estimated
common components. These results are obtained under general conditions that allow for
correlations and heteroskedasticities in both dimensions. Stronger results are obtained
when the idiosyncratic errors are serially uncorrelated and homoskedastic. A necessary and
sufficient condition for consistency is derived for large N but fixed T .

Keywords: Approximate factor models, principal components, common components,
large model analysis, large data sets, data-rich environment.

1� introduction

Economists now have the luxury of working with very large data sets. For
example, the Penn World Tables contain thirty variables for more than one-
hundred countries covering the postwar years. The World Bank has data for
about two-hundred countries over forty years. State and sectoral level data are
also widely available. Such a data-rich environment is due in part to technological
advances in data collection, and in part to the inevitable accumulation of infor-
mation over time. A useful method for summarizing information in large data
sets is factor analysis. More importantly, many economic problems are character-
ized by factor models; e.g., the Arbitrage Pricing Theory of Ross (1976). While
there is a well developed inferential theory for factor models of small dimensions

1 I am grateful to three anonymous referees and a co-editor for their constructive comments,
which led to a significant improvement in the presentation. I am also grateful to James Stock for
his encouragement in pursing this research and to Serena Ng and Richard Tresch for their valuable
comments. In addition, this paper has benefited from comments received from the NBER Summer
Meetings, 2001, and the Econometric Society Summer Meetings, Maryland, 2001. Partial results were
also reported at the NBER/NSF Forecasting Seminar in July, 2000 and at the ASSA Winter Meetings
in New Orleans, January, 2001. Partial financial support from the NSF (Grant #SBR-9896329) is
acknowledged.
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(classical), the inferential theory for factor models of large dimensions is absent.
The purpose of this paper is to partially fill this void.
A factor model has the following representation:

Xit = �′
iFt +eit�(1)

where Xit is the observed datum for the ith cross section at time t�i = 1� � � � N �
t = 1� � � � T �; Ft is a vector �r × 1� of common factors; �i is a vector �r × 1� of
factor loadings; and eit is the idiosyncratic component of Xit . The right-hand-
side variables are not observable.2 Readers are referred to Wansbeek and Meijer
(2000) for an econometric perspective on factor models. Classical factor analysis
assumes a fixed N , while T is allowed to increase. In this paper, we develop an
inferential theory for factor models of large dimensions, allowing both N and T
to increase.

1�1� Examples of Factor Models of Large Dimensions

(i) Asset Pricing Models. A fundamental assumption of the Arbitrage Pricing
Theory (APT) of Ross (1976) is that asset returns follow a factor structure. In
this case, Xit represents asset i’s return in period t; Ft is a vector of factor
returns; and eit is the idiosyncratic return. This theory leaves the number of
factors unspecified, though fixed.

(ii) Disaggregate Business Cycle Analysis. Cyclical variations in a country’s
economy could be driven by global or country-specific shocks, as analyzed by Gre-
gory and Head (1999). Similarly, variations at the industry level could be driven
by country-wide or industry-specific shocks, as analyzed by Forni and Reichlin
(1998). Factor models allow for the identification of common and specific shocks,
where Xit is the output of country (industry) i in period t; Ft is the common
shock at t; and �i is the exposure of country (industry) i to the common shocks.
This factor approach of analyzing business cycles is gaining prominence.
(iii) Monitoring, Forecasting, and Diffusion Indices. The state of the economy

is often described by means of a small number of variables. In recent years,
Forni, Hallin, Lippi, and Reichlin (2000b), Reichlin (2000), and Stock and Watson
(1998), among others, stressed that the factor model provides an effective way of
monitoring economic activity. This is because business cycles are defined as co-
movements of economic variables, and common factors provide a natural repre-
sentation of these co-movements. Stock and Watson (1998) further demonstrated
that the estimated common factors (diffusion indices) can be used to improve
forecasting accuracy.

(iv) Consumer Theory. Suppose Xih represents the budget share of good
i for household h. The rank of a demand system is the smallest integer r
such that Xih = �i1G1�eh� + · · ·�irGr�eh�, where eh is household h’s total
expenditure, and Gj�·� are unknown functions. By defining the r factors as

2 It is noted that N also represents the number of variables and T represents the number of
observations, an interpretation used by classical factor analysis.
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Fh = �G1�eh�� � � Gr�eh�	
′, the rank of the demand system is equal to the number

of factors. An important result due to Gorman (1981) is that demand systems
consistent with standard axioms of consumer theory cannot have a rank more
than three, meaning that households’ allocation of resources if they are utility
maximizing should be described by at most three factors. This theory is further
generalized by Lewbel (1991).
Applications of large-dimensional factor models are rapidly increasing.

Bernanke and Boivin (2000) showed that using the estimated factors makes it
possible to incorporate large data sets into the study of the Fed’s monetary policy.
Favero and Marcellino (2001) examined a related problem for European coun-
tries. Cristadoro, Forni, Reichlin, and Veronese (2001) estimated a core inflation
index from a large number of inflation indicators. As is well known, factor mod-
els have been important in finance and are used for performance evaluations and
risk measurement; see, e.g., Campbell, Lo, and Mackinlay (1997, Chapters 5 and
6). More recently, Tong (2000) studied the profitability of momentum trading
strategies using factor models.
In all the above and in future applications, it is of interest to know when the

estimated factors can be treated as known. That is, under what conditions is the
estimation error negligible? This question arises whenever the estimated factors
are used as regressors and the significance of the factors is tested, as for exam-
ple in Bernanke and Boivin (2000), and also in the diffusion index forecasting
of Stock and Watson (1998). If the estimation error is not negligible, then the
distributional properties of the estimated factors are needed. In addition, it is
always useful to construct confidence intervals for the estimates, especially for
applications in which the estimates represent economic indices. This paper offers
answers to these and related theoretical questions.

1�2� Limitations of Classical Factor Analysis

Let Xt = �X1t�X2t� � � � �XNt�
′ and et = �e1t� e2t� � � � � eNt�

′ be N × 1 vectors,
and let 
 = cov�Xt� be the covariance matrix of Xt . Classical factor analysis
assumes that N is fixed and much smaller than T , and further that the eit are
independent and identically distributed (iid) over time and are also independent
across i. Thus the variance-covariance matrix of et , � = E�ete

′
t�, is a diagonal

matrix. The factors Ft are also assumed to be iid and are independent of eit .
Although not essential, normality of eit is often assumed and maximum likelihood
estimation is used in estimation. In addition, inferential theory is based on the
basic assumption that the sample covariance matrix


̂= 1
T −1

T∑
t=1

�Xt − �X��Xt − �X�′

is root-T consistent for 
 and asymptotically normal; see Anderson (1984) and
Lawley and Maxwell (1971).
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These assumptions are restrictive for economic problems. First, the number of
cross sections (N ) is often larger than the number of time periods (T ) in eco-
nomic data sets. Potentially important information is lost when a small number
of variables is chosen (to meet the small-N , requirement). Second, the assump-
tion that

√
T �
̂−
� is asymptotically normal may be appropriate under a fixed

N , but it is no longer appropriate when N also tends to infinity. For example,
the rank of 
̂ does not exceed min�N�T 
, whereas the rank of 
 can always
be N . Third, the iid assumption and diagonality of the idiosyncratic covariance
matrix �, which rules out cross-section correlation, are too strong for economic
time series data. Fourth, maximum likelihood estimation is not feasible for large-
dimensional factor models because the number of parameters to be estimated is
large. Fifth, classical factor analysis can consistently estimate the factor loadings
(�i’s) but not the common factors (Ft ’s). In economics, it is often the common
factors (representing the factor returns, common shocks, diffusion indices, etc.)
that are of direct interest.

1�3� Recent Developments and the Main Results of this Paper

There is a growing literature that recognizes the limitations of classical factor
analysis and proposes new methodologies. Chamberlain and Rothschild (1983)
introduced the notation of an “approximate factor model” to allow for a non-
diagonal covariance matrix. Furthermore, Chamberlain and Rothschild showed
that the principal component method is equivalent to factor analysis (or max-
imum likelihood under normality of the eit) when N increases to infinity. But
they assumed a known N ×N population covariance matrix. Connor and Kora-
jczyk (1986, 1988, 1993) studied the case of an unknown covariance matrix and
suggested that when N is much larger than T , the factor model can be esti-
mated by applying the principal components method to the T × T covariance
matrix. Forni and Lippi (1997) and Forni and Reichlin (1998) considered large
dimensional dynamic factor models and suggested different methods for estima-
tion. Forni, Hallin, Lippi, and Reichlin (2000a) formulated the dynamic principal
components method by extending the analysis of Brillinger (1981).
Some preliminary estimation theory of large factor models has been obtained

in the literature. Connor and Korajczyk (1986) proved consistency for the esti-
mated factors with T fixed. For inference that requires large T , they used a
sequential limit argument (N goes to infinity first and then T goes to infinity).3

Stock and Watson (1999) studied the uniform consistency of estimated factors
and derived some rates of convergence for large N and large T . The rate of con-
vergence was also studied by Bai and Ng (2002). Forni et al. (2000a,c) established
consistency and some rates of convergence for the estimated common compo-
nents ��′

iFt� for dynamic factor models.

3 Connor and Korajczyk (1986) recognized the importance of simultaneous limit theory. They
stated that “Ideally we would like to allow N and T to grow simultaneously (possibly with their ratio
approaching some limit). We know of no straightforward technique for solving this problem and leave
it for future endeavors.” Studying simultaneous limits is only a recent endeavor.
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However, inferential theory is not well understood for large-dimensional factor
models. For example, limiting distributions are not available in the literature. In
addition, the rates of convergence derived thus far are not the ones that would
deliver a (nondegenerate) convergence in distribution. In this paper, we derive
the rate of convergence and the limiting distributions for the estimated factors,
factor loadings, and common components, estimated by the principal components
method. Furthermore, the results are derived under more general assumptions
than classical factor analysis. In addition to large N and large T , we allow for
serial and cross-section dependence for the idiosyncratic errors; we also allow for
heteroskedasticity in both dimensions. Under classical factor models, with a fixed
N , one can consistently estimate factor loadings but not the factors; see Anderson
(1984). In contrast, we demonstrate that both the factors and factor loadings can
be consistently estimated (up to a normalization) for large-dimensional factor
models.
We also consider the case of large N but fixed T . We show that to estimate

the factors consistently, a necessary condition is asymptotic orthogonality and
asymptotic homoskedasticity (defined below). In contrast, under the framework
of large N and large T , we establish consistency in the presence of serial corre-
lation and heteroskedasticity. That is, the necessary condition under fixed T is
no longer necessary when both N and T are large.
The rest of the paper is organized as follows. Section 2 sets up the model.

Section 3 provides the asymptotic theory for the estimated factors, factor load-
ings, and common components. Section 4 provides additional results in the
absence of serial correlation and heteroskedasticity. The case of fixed T is also
studied. Section 5 derives consistent estimators for the covariance matrices occur-
ring in the limiting distributions. Section 6 reports the simulation results. Con-
cluding remarks are provided in Section 7. All proofs are given in the appendices.

2� estimation and assumptions

Recall that a factor model is represented by

Xit = �′
iFt +eit = Cit +eit�(2)

where Cit = �′
iFt is the common component, and all other variables are intro-

duced previously. When N is small, the model can be cast under the state space
setup and be estimated by maximizing the Gaussian likelihood via the Kalman
filter. As N increases, the state space and the number of parameters to be esti-
mated increase very quickly, rendering the estimation problem challenging, if not
impossible. But factor models can also be estimated by the method of princi-
pal components. As shown by Chamberlain and Rothschild (1983), the principal
components estimator converges to the maximum likelihood estimator when N
increases (though they did not consider sampling variations). Yet the former is
much easier to compute. Thus this paper focuses on the properties of the prin-
cipal components estimator.
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Equation (2) can be written as an N -dimension time series with T observa-
tions:

Xt =�Ft+et �t= 1�2� � � � � T �(3)

where Xt = �X1t�X2t� � � � �XNt�
′, � = ��1��2� � � � � �N �

′, and et = �e1t� e2t� � � � ,
eNt�

′. Alternatively, we can rewrite (2) as a T -dimension system with N
observations:

Xi = F�i+ei �i = 1�2� � � � �N�

whereXi = �Xi1�Xi2� � � � �XiT �
′, F = �F1� F2� � � � � FT �

′, and ei = �ei1� ei2� � � � � eiT �
′.

We will also use the matrix notation:

X = F�′ +e�

where X = �X1�X2� � � � �XN� is a T ×N matrix of observed data and e =
�e1� e2� � � � � eN � is a T ×N matrix of idiosyncratic errors. The matrices ��N × r�
and F �T × r� are both unknown.
Our objective is to derive the large-sample properties of the estimated factors

and their loadings when both N and T are large. The method of principal com-
ponents minimizes

V �r�=min
��F

�NT �−1
N∑
i=1

T∑
t=1

�Xit −�′
iFt�

2�

Concentrating out � and using the normalization that F ′F /T = Ir (an r×r iden-
tity matrix), the problem is identical to maximizing tr�F ′�XX ′�F �. The estimated
factor matrix, denoted by F̃ , is

√
T times eigenvectors corresponding to the r

largest eigenvalues of the T ×T matrix XX ′, and �̃′ = �F̃ ′F̃ �−1F̃ ′X = F̃ ′X/T
are the corresponding factor loadings. The common component matrix F�′ is
estimated by F̃ �̃′.
Since both N and T are allowed to grow, there is a need to explain the way in

which limits are taken. There are three limit concepts: sequential, pathwise, and
simultaneous. A sequential limit takes one of the indices to infinity first and then
the other index. Let g�N�T � be a quantity of interest. A sequential limit with
N growing first to infinity is written as limT→� limN→� g�N�T �. This limit may
not be the same as that of T growing first to infinity. A pathwise limit restricts
�N�T � to increase along a particular trajectory of �N�T �. This can be written
as limv→� g�Nv�Tv�, where �Nv�Tv� describes a given trajectory as v varies. If
v is chosen to be N , then a pathwise limit is written as limN→� g�N�T �N��.
A simultaneous limit allows �N�T � to increase along all possible paths such
that limv→�min�Nv�Tv
 = �. This limit is denoted by limN�T→� g�N�T �. The
present paper mainly considers simultaneous limit theory. Note that the existence
of a simultaneous limit implies the existence of sequential and pathwise limits
(and the limits are the same), but the converse is not true. When g�N�T � is a
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function of N (or T ) alone, its limit with respect to N (or T ) is automatically a
simultaneous limit. Due to the nature of our problem, this paper also considers
simultaneous limits with restrictions. For example, we may need to consider the
limit of g�N�T � for N and T satisfying

√
N/T → 0; that is, limv→� g�Nv�Tv�

over all paths such that limv→�min�Nv�Tv
=� and limv→�
√
Nv/Tv = 0.

Let �A� = �tr�A′A�	1/2 denote the norm of matrix A. Throughout, we let F 0
t

be the r × 1 vector of true factors and �0
i be the true loadings, with F 0 and �0

being the corresponding matrices. The following assumptions are used in Bai and
Ng (2002) to estimate the number of factors consistently:

Assumption A—Factors: E�F 0
t �4 ≤ M < � and T −1∑T

t=1 F
0
t F

0′
t

p−→ 
F for
some r× r positive definite matrix 
F .

Assumption B—Factor Loadings: ��i� ≤ �̄ < �, and ��0′�0/N −
N� → 0
for some r× r positive definite matrix 
�.

Assumption C—Time and Cross-Section Dependence andHeteroskedasticity:
There exists a positive constant M <� such that for all N and T :

1. E�eit�= 0, E�eit�8 ≤M .
2. E�e′set/N�= E�N−1∑N

i=1 eiseit�= �N�s� t�, ��N�s� s�� ≤M for all s, and

T −1
T∑
s=1

T∑
t=1

��N�s� t�� ≤M�

3. E�eitejt�= �ij� t with ��ij� t� ≤ ��ij � for some �ij and for all t. In addition,

N−1
N∑
i=1

N∑
j=1

��ij � ≤M�

4. E�eitejs�= �ij� ts and �NT �−1∑N
i=1
∑N

j=1
∑T

t=1
∑T

s=1 ��ij� ts� ≤M .
5. For every �t� s�, E�N−1/2∑N

i=1�eiseit −E�eiseit�	�4 ≤M .

Assumption D—Weak dependence between factors and idiosyncratic errors:

E

(
1
N

N∑
i=1

∥∥∥∥ 1√
T

T∑
t=1

F 0
t eit

∥∥∥∥2)≤M�

Assumption A is more general than that of classical factor analysis in which
the factors Ft are i.i.d. Here we allow Ft to be dynamic such that A�L�Ft = �t .
However, we do not allow the dynamic to enter into Xit directly, so that the
relationship between Xit and Ft is still static. For more general dynamic factor
models, readers are referred to Forni et al. (2000a). Assumption B ensures that
each factor has a nontrivial contribution to the variance of Xt . We only con-
sider nonrandom factor loadings for simplicity. Our results still hold when the
�t ’s are random, provided they are independent of the factors and idiosyncratic
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errors, and E��i�4 ≤M . Assumption C allows for limited time series and cross
section dependence in the idiosyncratic components. Heteroskedasticities in both
the time and cross-section dimensions are also allowed. Under stationarity in
the time dimension, �N�s� t� = �N�s− t�, though the condition is not necessary.
Given Assumption C1, the remaining assumptions in C are satisfied if the eit are
independent for all i and t. Correlation in the idiosyncratic components allows
the model to have an approximate factor structure. It is more general than a strict
factor model which assumes eit is uncorrelated across i, the framework on which
the APT theory of Ross (1976) was based. Thus, the results to be developed also
apply to strict factor models. When the factors and idiosyncratic errors are inde-
pendent (a standard assumption for conventional factor models), Assumption D
is implied by Assumptions A and C. Independence is not required for D to be
true. For example, if eit = �it�Ft� with �it being independent of Ft and �it satisfy-
ing Assumption C, then Assumption D holds.4

Chamberlain and Rothschild (1983) defined an approximate factor model as
having bounded eigenvalues for the N ×N covariance matrix �=E�ete

′
t�. If et is

stationary with E�eitejt�= �ij , then from matrix theory, the largest eigenvalue of
� is bounded by maxi

∑N
j=1 ��ij �. Thus if we assume

∑N
j=1 ��ij � ≤M for all i and all

N , which implies Assumption C3, then (3) will be an approximate factor model in
the sense of Chamberlain and Rothschild. Since we also allow for nonstationarity
(e.g., heteroskedasticity in the time dimension), our model is more general than
approximate factor models.
Throughout this paper, the number of factors (r) is assumed fixed as N and T

grow. Many economic problems do suggest this kind of factor structure. For
example, the APT theory of Ross (1976) assumes an unknown but fixed r . The
Capital Asset Pricing Model of Sharpe (1964) and Lintner (1965) implies one
factor in the presence of a risk-free asset and two factors otherwise, irrespective
of the number of assets (N ). The rank theory of consumer demand systems of
Gorman (1981) and Lewbel (1991) implies no more than three factors if con-
sumers are utility maximizing, regardless of the number of consumption goods.
In general, larger data sets may contain more factors. But this may not have

any practical consequence since large data sets allow us to estimate more factors.
Suppose one is interested in testing the APT theory for Asian and the U.S.
financial markets. Because of market segmentation and cultural and political
differences, the factors explaining asset returns in Asian markets are different
from those in the U.S. markets. Thus, the number of factors is larger if data from
the two markets are combined. The total number of factors, although increased,
is still fixed (at a new level), regardless of the number of Asian and U.S. assets if
APT theory prevails in both markets. Alternatively, two separate tests of APT can
be conducted, one for Asian markets, one for the U.S.; each individual data set

4 While these assumptions take a similar format as in classical factor analysis in that assumptions
were made on the uobservable quantities such as Ft and et (data generating process assumptions), it
would be better to make assumptions in terms of the observables Xit . Assumptions characterized by
observable variables may have the advantage of, at least in principle, having the assumptions verified
by the data. We plan to pursue this in future research.
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is large enough to perform such a test and the number of factors is fixed in each
market. The point is that such an increase in r has no practical consequence, and
it is covered by the theory. Mathematically, a portion of the cross-section units
may have zero factor loadings, which is permitted by the model’s assumptions.
It should be pointed out that r can be a strictly increasing function of N (or T ).

This case is not covered by our theory and is left for future research.

3� asymptotic theory

Assumptions A–D are sufficient for consistently estimating the number of fac-
tors (r) as well as the factors themselves and their loadings. By analyzing the
statistical properties of V �k� as a function of k, Bai and Ng (2002) showed that
the number of factors (r) can be estimated consistently by minimizing the fol-
lowing criterion:

IC�k�= log�V �k��+k

(
N +T

NT

)
log
(

NT

N +T

)
�

That is, for k̄ > r , let k̂= argmin0≤k≤k̄ IC�k�. Then P�k̂= r�→ 1, as T �N →�.
This consistency result does not impose any restriction between N and T , except
min�N�T 
 → �. Bai and Ng also showed that AIC (with penalty 2/T ) and
BIC (with penalty logT /T ) do not yield consistent estimators. In this paper, we
shall assume a known r and focus on the limiting distributions of the estimated
factors and factor loadings. Their asymptotic distributions are not affected when
the number of factors is unknown and is estimated.5 Additional assumptions are
needed to derive their limiting distributions:

Assumption E—Weak Dependence: There exists M < � such that for all T
and N , and for every t ≤ T and every i ≤N :
1.
∑T

s=1 ��N�s� t�� ≤M .
2.
∑N

k=1 ��ki� ≤M .

This assumption strengthens C2 and C3, respectively, and is still reasonable.
For example, in the case of independence over time, �N�s� t� = 0 for s 	= t.
Then Assumption E1 is equivalent to �1/N�

∑N
i=1E�e2it� ≤ M for all t and N ,

which is implied by C1. Under cross-section independence, E2 is equivalent to
E�eit�

2 ≤M . Thus under time series and cross-section independence, El and E2
are equivalent and are implied by C1.

5 This follows because P�F̃t ≤ x�=P�F̃t ≤ x� k̂= r�+P�F̃t ≤ x� k̂ 	= r�. But P�F̃t ≤ x� k̂ 	= r�≤P�k̂ 	=
r�= o�1�. Thus

P�F̃t ≤ x�= P�F̃t ≤ x� k̂ = r�+o�1�

= P�F̃t ≤ x�k̂ = r�P�k̂ = r�+o�1�

= P�F̃t ≤ x�k̂ = r�+o�1�

because P�k̂ = r�→ 1. In summary, P�F̃t ≤ x�= P�F̃t ≤ x�k̂ = r�+o�1�.
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Assumption F—Moments and Central Limit Theorem: There exists an M <
� such that for all N and T :
1. for each t,

E

∥∥∥∥ 1√
NT

T∑
s=1

N∑
k=1

F 0
s �eksekt −E�eksekt�	

∥∥∥∥2 ≤M�

2. the r× r matrix satisfies

E

∥∥∥∥ 1√
NT

T∑
t=1

N∑
k=1

F 0
t �

0′
k ekt

∥∥∥∥2 ≤M�

3. for each t, as N →�,

1√
N

N∑
i=1

�0
i eit

d−→N�0��t�

where �t = limN→��1/N�
∑N

i=1
∑N

j=1 �
0
i �

0′
j E�eitejt�;

4. for each i, as T →�,

1√
T

T∑
t=1

F 0
t eit

d−→N�0��i��

where �i = p limT→��1/T �
∑T

s=1
∑T

t=1E�F 0
t F

0′
s eiseit	.

Assumption F is not stringent because the sums in F1 and F2 involve zero mean
random variables. The last two assumptions are simply central limit theorems,
which are satisfied by various mixing processes.

Assumption G: The eigenvalues of the r× r matrix �
� ·
F � are distinct.

The matrices 
F and 
� are defined in Assumptions A and B. Assumption
G guarantees a unique limit for �F̃ ′F 0/T �, which appears in the limiting distri-
butions. Otherwise, its limit can only be determined up to orthogonal transfor-
mations. A similar assumption is made in classical factor analysis; see Anderson
(1963). Note that this assumption is not needed for determining the number of
factors. For example, in Bai and Ng (2002), the number of factors is determined
based on the sum of squared residuals V �r�, which depends on the projection
matrix PF̃ . Projection matrices are invariant to orthogonal transformations. Also,
Assumption G is not required for studying the limiting distributions of the esti-
mated common components. The reason is that the common components are
identifiable. In the following analysis, we will use the fact that for positive defi-
nite matrices A and B, the eigenvalues of AB, BA, and A1/2BA1/2 are the same.

Proposition 1: Under Assumptions A–D and G,

plimT �N→�
F̃ ′F 0

T
=Q�
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The matrix Q is invertible and is given by Q = V 1/2� ′
−1/2
� , where V =

diag�v1� v2� � � � � vr�� v1 > v2 > · · ·> vr > 0 are the eigenvalues of 
1/2
� 
F


1/2
� , and

� is the corresponding eigenvector matrix such that � ′� = Ir .

The proof is provided in Appendix A. Under Assumptions A–G, we shall
establish asymptotic normality for the principal component estimators. Asymp-
totic theory for the principal component estimator exists only in the classical
framework. For example, Anderson (1963) showed asymptotic normality of the
estimated principal components for large T and fixed N . Classical factor analysis
always starts with the basic assumption that there exists a root-T consistent and
asymptotically normal estimator for the underlying N ×N covariance matrix of
Xt (assuming N is fixed). The framework for classical factor analysis does not
extend to situations considered in this paper. This is because consistent estima-
tion of the covariance matrix of Xt is not a well defined problem when N and
T increase simultaneously to infinity. Thus, our analysis is necessarily different
from the classical approach.

3�1� Limiting Distribution of Estimated Factors

As noted earlier, F 0 and �0 are not separately identifiable. However, they can
be estimated up to an invertible r × r matrix transformation. As shown in the
Appendix, for the principal components estimator F̃ , there exists an invertible
matrix H (whose dependence on N�T will be suppressed for notational simplic-
ity) such that F̃ is an estimator of F 0H and �̃ is an estimator of �0�H ′�−1. In
addition, F̃ �̃′ is an estimator of F 0�0′, the common components. It is clear that
the common components are identifiable. Furthermore, knowing F 0H is as good
as knowing F 0 for many purposes. For example, in regression analysis, using F 0

as the regressor will give the same predicted value as using F 0H as the regres-
sor. Because F 0 and F 0H span the same space, testing the significance of F 0 in
a regression model containing F 0 as regressors is the same as testing the signif-
icance of F 0H . For the same reason, the portfolio-evaluation measurements of
Connor and Korajczyk (1986) give valid results whether F 0 or F 0H is used.

Theorem 1: Under Assumptions A–G, as N�T →�, we have:
(i) if

√
N/T → 0, then for each t,

√
N
(
F̃t −H ′F 0

t

) = V −1
NT

(
F̃ ′F 0

T

)
1√
N

N∑
i=1

�0
i eit+op�1�

d−→N�0�V −1Q�tQ
′V −1��

where VNT is a diagonal matrix consisting of the first r eigenvalues of �1/NT�XX ′

in decreasing order, V and Q are defined in Proposition 1, and �t is defined in F3;
(ii) if lim inf

√
N/T ≥ � > 0, then

T
(
F̃t −H ′F 0

t

)=Op�1��
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The dominant case is part (i); that is, asymptotic normality generally holds.
Applied researchers should feel comfortable using the normal approximation for
the estimated factors. Part (ii) is useful for theoretical purpose when a conver-
gence rate is needed. The theorem says that the convergence rate is min�

√
N�T 
.

When the factor loadings �0
i (i = 1�2� � � � �N ) are all known, F 0

t can be esti-
mated by the cross-section least squares method and the rate of convergence is√
N . The rate of convergence min�

√
N�T 
 reflects the fact that factor loadings

are unknown and are estimated. Under stronger assumptions, however, the root-
N convergence rate is still achievable (see Section 4). Asymptotic normality of
Theorem 1 is achieved by the central limit theorem as N →�. Thus large N is
required for this theorem.
Additional comments:
1. Although restrictions between N and T are needed, the theorem is not a

sequential limit result but a simultaneous one. In addition, the theorem holds
not only for a particular relationship between N and T , but also for many com-
binations of N and T . The restriction

√
N/T → 0 is not strong. Thus asymp-

totic normality is the more prevalent situation for empirical applications. The
result permits simultaneous inference for large N and large T . For example,
the portfolio-performance measurement of Connor and Korajczyk (1986) can be
obtained without recourse to a sequential limit argument. See footnote 3.
2. The rate of convergence implied by this theorem is useful in regression

analysis or in a forecasting equation involving estimated regressors such as

Yt+1 = �F 0
t +�Wt +ut+1 �t = 1�2� � � � � T ��

where Yt and Wt are observable, but F 0
t is not. However, F 0

t can be replaced
by F̃t . A crude calculation shows that the estimation error in F̃t can be ignored
as long as F̃t = H ′F 0

t + op�T
−1/2� with H having a full rank. This will be true

if T /N → 0 by Theorem 1 because F̃t −H ′F 0
t = Op�1/min�

√
N�T 
�. A more

careful but elementary calculation shows that the estimation error is negligi-
ble if F̃ ′�F̃ − F 0H�/T = op�T

−1/2�. Lemma B.3 in the Appendix shows that
F̃ ′�F̃ −F 0H�/T = op��

−2
NT�, where �2

NT = min�N�T 
. This implies that the esti-
mation error in F̃ is negligible if

√
T /N → 0. Thus for large N , F 0

t can be treated
as known. Stock and Watson (1998, 1999) considered such a framework of fore-
casting. Given the rate of convergence for F̃t , it is easy to show that the forecast
YT+1�T = �̂F̃T + �̂WT is

√
T -consistent for the conditional mean E�YT+1�F 0

T �WT �,
assuming the conditional mean of uT+1 is zero. Furthermore, in constructing con-
fidence intervals for the forecast, the estimation effect of F̃T can be ignored pro-
vided that N is large. If

√
T /N → 0 does not hold, then the limiting distribution

of the forecast will also depend on the limiting distribution of F̃T ; the confidence
interval must reflect this estimation effect. Theorem 1 allows us to account for
this effect when constructing confidence intervals for the forecast.
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3. The covariance matrix of the limiting distribution depends on the correla-
tion structure in the cross-section dimension. If eit is independent across i, then

�t = lim
N→�

1
N

N∑
i=1

�2
it�

0
i �

0′
i �(4)

If, in addition, �2
it = �2

jt = �2
t for all i� j , we have �t = �2

t 
�. In Section 5, we
discuss consistent estimation of Q�tQ

′.
Next, we present a uniform consistency result for the estimated factors.

Proposition 2: Under Assumptions A–E,

max
1≤t≤T

∥∥F̃t −H ′F 0
t

∥∥=Op�T
−1/2�+Op��T /N�1/2��

This lemma gives an upper bound on the maximum deviation of the esti-
mated factors from the true ones (up to a transformation). The bound is
not the sharpest possible because the proof essentially uses the argument that
maxt �F̃t−H ′F 0

t � ≤
∑T

t=1 �F̃t−H ′F 0
t �. Note that if lim infN/T 2 ≥ c > 0, then the

maximum deviation is Op�T
−1/2�, which is a very strong result. In addition, if it

is assumed that max1≤s≤T �F 0
s � =Op��T � (e.g., when Ft is strictly stationary and

its moment generating function exists, �T = logT ), then it can be shown that, for
�NT =min�

√
N�

√
T 
,

max
1≤t≤T

∥∥F̃t −H ′F 0
t

∥∥=Op�T
−1/2�−1

NT �+Op��T T
−1�+Op��T /N�1/2��

3�2� Limiting Distribution of Estimated Factor Loadings

The previous section shows that F̃ is an estimate of F 0H . Now we show that
�̃ is an estimate of �0�H ′�−1. That is, �̃i is an estimate of H−1�0

i for every i. The
estimated loadings are used in Lehmann and Modest (1988) to construct various
portfolios.

Theorem 2: Under Assumptions A–G, as N�T →�:
(i) if

√
T /N → 0, then for each i,

√
T ��̃i−H−1�0

i � = V −1
NT

(
F̃ ′F 0

T

)(
�0′�0

N

)
1√
T

T∑
t=1

F 0
t eit+op�1�

d−→N�0� �Q′�−1�iQ
−1��

where VNT is defined in Theorem 1, Q is given in Proposition 1, and �i in F4;
(ii) if lim inf

√
T /N ≥ � > 0, then

N
(
�̃i−H−1�0

i

)=Op�1��
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The dominant case is part (i), asymptotic normality. Part (ii) is of theoretical
interest when a convergence rate is needed. This rate is min�

√
T �N
. When

the factors F 0
t �t = 1�2� � � � � T ) are all observable, �0

i can be estimated by a time
series regression with the ith cross-section unit, and the rate of convergence is√
T . The new rate min�

√
T �N
 is due to the fact that F 0

t ’s are not observable
and are estimated.

3�3� Limiting Distribution of Estimated Common Components

The limit theory of estimated common components can be derived from the
previous two theorems. Note that C0

it = F 0′
t �0

i and C̃it = F̃ ′
t �̃i.

Theorem 3: Under Assumptions A–F, as N�T →�, we have for each i and t,(
1
N

Vit+
1
T
Wit

)−1/2(
C̃it−C0

it

) d−→N�0�1�

where Vit = �0′
i 


−1
� �t


−1
� �0

i , Wit = F 0′
t 
−1

F �i

−1
F F 0

t , and 
�, �t, 
F , and �i are all
defined earlier. Both Vit and Wit can be replaced by their consistent estimators.

A remarkable feature of Theorem 3 is that no restriction on the relationship
between N and T is required. The estimated common components are always
asymptotically normal. The convergence rate is �NT =min�

√
N�

√
T 
. To see this,

Theorem 3 can be rewritten as

�NT

(
C̃it−C it

0

)(
�2NT
N
Vit+ �2NT

T
Wit

)1/2

d−→N�0�1��(5)

The denominator is bounded both above and below. Thus the rate of convergence
is min�

√
N�

√
T 
, which is the best rate possible. When F 0 is observable, the best

rate for �̃i is
√
T . When �0 is observable, the best rate for F̃t is

√
N . It follows

that when both are estimated, the best rate for �̃′
iF̃t is the minimum of

√
N and√

T . Theorem 3 has two special cases: (a) if N/T → 0, then
√
N�C̃it −C0

it�
d−→

N�0�Vit�; (b) if T /N → 0, then
√
T �C̃it−C0

it�
d−→N�0�Wit�. But Theorem 3 does

not require a limit for T /N or N/T .

4� stationary idiosyncratic errors

In the previous section, the rate of convergence for F̃t is shown to be
min�

√
N�T 
. If T is fixed, it implies that F̃t is not consistent. The result seems

to be in conflict with that of Connor and Korajczyk (1986), who showed that the
estimator F̃t is consistent under fixed T . This inquiry leads us to the discovery of
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a necessary and sufficient condition for consistency under fixed T . Connor and
Korajczyk imposed the following assumption:

1
N

N∑
i=1

eiteis → 0� t 	= s� and
1
N

N∑
i=1

e2it → �2 for all t� as N →��(6)

We shall call the first condition asymptotic orthogonality and the second con-
dition asymptotic homoskedasticity (�2 not depending on t). They established
consistency under assumption (6). This assumption appears to be reasonable for
asset returns and is commonly used in the finance literature, e.g., Campbell, Lo,
and Mackinlay (1997). For many economic variables, however, one of the con-
ditions could be easily violated. We show that assumption (6) is also necessary
under fixed T .

Theorem 4: Assume Assumptions A–G hold. Under a fixed T , a necessary
and sufficient condition for consistency is asymptotic orthogonality and asymptotic
homoskedasticity.

The implication is that, for fixed T , consistent estimation is not possible in the
presence of serial correlation and heteroskedasticity. In contrast, under large T ,
we can still obtain consistent estimation. This result highlights the importance of
the large-dimensional framework.
Next, we show that our previous results can also be strengthened under

homoskedasticity and no serial correlation.

Assumption H—E�eiteis� = 0 if t 	= s, Ee2it = �2
i , and E�eitejt� = �ij, for all t,

i, and j .

Let �̄2
N = �1/N�

∑N
i=1 �

2
i , which is a bounded sequence by Assumption C2.

Let VNT be the diagonal matrix consisting of the first r largest eigenvalues of
the matrix �1/TN�XX ′. Lemma A.3 (Appendix A) shows VNT

p−→ V , a positive
definite matrix. Define DNT = VNT�VNT − 1

T
�̄2
N �

−1; then DNT
p−→ Ir , as T and N

go to infinity. Define �H =HDNT .

Theorem 5: Under Assumptions A–H, as T �N →�, we have

√
N�F̃t − �H ′F 0

t �
d−→N�0�V −1Q�Q′V −1�

where � = plim��0′��0/N� and �= E�ete
′
t�= ��ij�.

Note that cross-section correlation and cross-section heteroskedasticity are still
allowed. Thus the result is for approximate factor models. This theorem does
not require any restriction on the relationship between N and T except that they
both go to infinity. The rate of convergence �

√
N� holds even for fixed T , but

the limiting distribution is different.
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If cross-section independence and cross-section homoskedasticity are assumed,
then Theorem 2 part (i) also holds without any restriction on the relationship
between N and T . However, cross-section homoskedasticity is unduly restrictive.
Assumption H does not improve the result of Theorem 3, which already offers
the best rate of convergence.

5� estimating covariance matrices

In this section, we derive consistent estimators of the asymptotic variance-
covariance matrices that appear in Theorems 1–3.
(a) Covariance matrix of estimated factors. This covariance matrix depends

on the cross-section correlation of the idiosyncratic errors. Because the order
of cross-sectional correlation is unknown, a HAC-type estimator (see Newey
and West (1987)) is not feasible. Thus we will assume cross-section indepen-
dence for eit �i = 1�2� � � � �N�. The asymptotic covariance of F̃t is given by
�t = V −1Q�tQ

′V −1, where �t is defined in (4). That is,

�t = plimV −1
NT

(
F̃ ′F 0

T

)(
1
N

N∑
i=1

�2
it�

0
i �

0′
i

)(
F 0′F̃
T

)
V −1

NT �

This matrix involves the product F 0�0′, which can be replaced by its estimate
F̃ �̃′. A consistent estimator of the covariance matrix is then given by

�̂t = V −1
NT

(
F̃ ′F̃
T

)(
1
N

N∑
i=1

ẽ2it�̃i�̃
′
i

)(
F̃ ′F̃
T

)
V −1

NT = V −1
NT

(
1
N

N∑
i=1

ẽ2it�̃i�̃
′
i

)
V −1

NT(7)

where ẽit =Xit− �̃′
iF̃t . Note that F̃ ′F̃ /T = I .

(b) Covariance matrix of estimated factor loadings. The asymptotic covariance
matrix of �̃i is given by (see Theorem 2)

�i = �Q′�−1�iQ
−1�

Let �̂i be the HAC estimator of Newey and West (1987), constructed with the
series �F̃t · ẽit
 �t = 1�2� � � � � T �. That is,

�̂i =D0� i+
q∑

v=1

(
1− v

q+1

)(
Dvi+D′

vi

)
�

where Dvi = �1/T �
∑T

t=v+1 F̃t ẽitẽit−vF̃
′
t−v and q goes to infinity as T goes to infin-

ity with q/T 1/4 → 0. One can also use other HAC estimators such as Andrews’
(1991) data dependent method with quadratic spectral kernel. While a HAC esti-
mator based on F 0

t · eit (the true factors and true idiosyncratic errors) estimates
�i, a HAC estimator based on F̃t · ẽit is directly estimating �i (because F̃t esti-
mates H ′F 0

t ). The consistency of �̂i is proved in the Appendix.
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(c) Covariance matrix of estimated common components. Let

V̂it = �̃′
i

(
�̃′�̃
N

)−1( 1
N

N∑
i=1

ẽ2it�̃i�̃
′
i

)(
�̃′�̃
N

)−1

�̃i�

Ŵit = F̃ ′
t

(
F̃ ′F̃
T

)−1

�̂i

(
F̃ ′F̃
T

)−1

F̃t ≡ F̃ ′
t �̂iF̃t

be the estimators of Vit and Wit, respectively.

Theorem 6: Assume Assumptions A–G and cross-sectional independence. As,
T �N →�, �̂t, �̂i, V̂it, and Ŵit are consistent for �t, �i, Vit, and Wit, respectively.

One major point of this theorem is that all limiting covariances are easily
estimable.

6� monte carlo simulations

We use simulations to assess the adequacy of the asymptotic results in approx-
imating the finite sample distributions of F̃t� �̃i, and C̃it. To conserve space, we
only report the results for F̃t and C̃it because �̃i shares similar properties to F̃t .
We consider combinations of T = 50�100, and N = 25�50�100�1000. Data are
generated according to Xit = �0′

i F
0
t + eit, where �0

i , F
0
t , and eit are i.i.d. N�0�1�

for all i and t. The number of factors, r , is one. This gives the data matrix X
�T ×N�. The estimated factor F̃ is

√
T times the eigenvector corresponding to

the largest eigenvalue of XX ′. Given F̃ , we have �̃=X ′F̃ /T and C̃ = F̃ �̃′. The
reported results are based on 2000 repetitions.
To demonstrate that F̃t is estimating a transformation of F 0

t �t = 1�2� � � � � T �,
we compute the correlation coefficient between �F̃t


T
t=1 and �F 0

t 

T
t=1. Let

����N�T � be the correlation coefficient for the �th repetition with given �N�T �.
Table I reports this coefficient averaged over L = 2000 repetitions; that is,
�1/L�

∑L
�=1 ����N�T �.

The correlation coefficient can be considered as a measure of consistency for
all t. It is clear from the table that the estimation precision increases as N grows.
With N = 1000, the estimated factors can be effectively treated as the true ones.

We next consider asymptotic distributions. The main asymptotic results are
√
N�F̃t −H ′F 0

t �
d−→N�0��t�(8)

TABLE I

Average Correlation Coefficients between

�F̃t

T
t=1 and �F 0

t 

T
t=1

N = 25 N = 50 N = 100 N = 1000

T = 50 0.9777 0.9892 0.9947 0.9995
T = 100 0.9785 0.9896 0.9948 0.9995
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where �t = V −1Q�tQ
′V −1, and(

1
N

Vit+
1
T
Wit

)−1/2(
C̃it−C0

it

) d−→N�0�1�

where Vit and Wit are defined in Theorem 3. We define standardized estimates as

ft = �̂−1/2
t

√
N�F̃t −H ′F 0

t � and cit =
(

1
N

V̂it+
1
T
Ŵit

)−1/2(
C̃it−C0

it

)
where �̂t , V̂it, and Ŵit are the estimated asymptotic variances given in Section 5.
That is, the standardization is based on the theoretical mean and theoretical
variance rather than the sample mean and sample variance from Monte Carlo
repetitions. The standardized estimates should be approximately N�0�1� if the
asymptotic theory is adequate.
We next compute the sample mean and sample standard deviation (std) from

Monte Carlo repetitions of standardized estimates. For example, for ft , the sam-
ple mean is defined as f̄t = �1/L�

∑L
�=1 ft��� and the sample standard deviation

is the square root of �1/L�
∑L

�=1�ft���− f̄t�
2, where � refers to the �th repetition.

The sample mean and sample standard deviation for cit are similarly defined. We
only report the statistics for t = �T /2	 and i = �N/2	, where �a	 is the largest
integer smaller than or equal to a; other values of �t� i� give similar results and
thus are not reported.
The first four rows of Table II are for ft and the last four rows are for cit.

In general, the sample means are close to zero and the standard deviations are
close to 1. Larger T generates better results than smaller T . If we use the two-
sided normal critical value (1.96) to test the hypothesis that ft has a zero mean
with known variance of 1, then the null hypothesis is rejected (marginally) for
just two cases: �T �N�= �50�1000� and �T �N�= �100� 50�. But if the estimated
standard deviation is used, the two-sided t statistic does not reject the zero-mean
hypothesis for all cases. As for the common components, cit, all cases except
N = 25 strongly point to zero mean and unit variance. This is consistent with the
asymptotic theory.

TABLE II

Sample Mean and Standard Deviation of ft and cit

N = 25 N = 50 N = 100 N = 1000

ft T = 50 mean 0�0235 −0�0189 0�0021 −0�0447
T = 100 mean 0�0231 0�0454 −0�0196 0�0186

ft T = 50 std 1�2942 1�2062 1�1469 1�2524
T = 100 std 1�2521 1�1369 1�0831 1�0726

cit T = 50 mean −0�0455 −0�0080 −0�0029 −0�0036
T = 100 mean 0�0252 0�0315 0�0052 0�0347

cit T = 50 std 1�4079 1�1560 1�0932 1�0671
T = 100 std 1�1875 1�0690 1�0529 1�0402
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We also present graphically the above standardized estimates ft and cit.
Figure 1 displays the histograms of ft for T = 50 and Figure 2 for T = 100.
The histogram is scaled to be a density function; the sum of the bar heights
times the bar lengths is equal to 1. Scaling makes for a meaningful compari-
son with the standard normal density. The latter is overlayed on the histogram.
Figure 3 and Figure 4 show the histogram of cit for T = 50 and T = 100, respec-
tively, with the density of N�0�1� again overlayed.
It appears that asymptotic theory provides a very good approximation to the

finite sample distributions. For a given T , the larger is N , the better is the approx-
imation. In addition, F̃t does appear to be

√
N consistent because the histogram

is for the estimates
√
N�F̃t −H ′F 0

t � (divided by its variance). The histograms
stay within the same range for the standardized F̃t as N grows from 25 to 1000.
Similarly, the convergence rate for C̃it is min�

√
N�

√
T 
 for the same reason. In

general, the limited Monte Carlo simulations lend support to the theory.

Figure 1.— Histogram of estimated factors �T = 50�. These histograms are for the standard-
ized estimates ft (i.e.,

√
N�F̃t −HF 0

t � divided by the estimated asymptotic standard deviation). The
standard normal density function is superimposed on the histograms.
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Figure 2.— Histogram of estimated factors �T = 100�. These histograms are for the standard-
ized estimates ft (i.e.,

√
N�F̃t −HF 0

t � divided by the estimated asymptotic standard deviation). The
standard normal density function is superimposed on the histograms.

Finally, we construct confidence intervals for the true factor process. This is
useful because the factors represent economic indices in various empirical appli-
cations. A graphical method is used to illustrate the results. For this purpose, no
Monte Carlo repetition is necessary; only one draw (a single data set X �T ×N�)
is needed. The case of r = 1 is considered for simplicity. A small T (T = 20) is
used to avoid a crowded graphical display (for large T , the resulting graphs are
difficult to read because of too many points). The values for N are 25, 50, 100,
1000, respectively. Since F̃t is an estimate of H ′F 0

t , the 95% confidence interval
for H ′F 0

t , according to (8), is(
F̃t −1�96�̂1/2

t N−1/2� F̃t +1�96�̂1/2
t N−1/2) �t = 1�2� � � � � � T ��

Because F 0 is known in a simulated environment, it is better to transform the
confidence intervals to those of F 0

t (rather than H ′F 0
t ) and see if the resulting

confidence intervals contain the true F 0
t . We can easily rotate F̃ toward F 0 by
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Figure 3.— Histogram of estimated common components �T = 50�. These histograms are for
the standardized estimates cit (i.e., min�

√
N�

√
T 
�C̃it −C0

it� divided by the estimated asymptotic
standard deviation). The standard normal density function is superimposed on the histograms.

the regression6 F 0 = F̃ �+error. Let �̂ be the least squares estimate of �. Then
the 95% confidence interval for F 0

t is

�Lt�Ut�=
(
�̂F̃t −1�96 �̂�̂1/2

t N−1/2� �̂F̃t +1�96 �̂�̂1/2
t N−1/2)

�t = 1�2� � � � � T ��

Figure 5 displays the confidence intervals �Lt�Ut� and the true factors F 0
t �t =

1�2� � � � � T �. The middle curve is F 0
t . It is clear that the larger is N , the narrower

are the confidence intervals. In most cases, the confidence intervals contain the
true value of F 0

t . For N = 1000, the confidence intervals collapse to the true

6 In classical factor analysis, rotating the estimated factors is an important part of the analysis. This
particular rotation (regression) is not feasible in practice because F 0 is not observable. The idea here
is to show that F̃ is an estimate of a transformation of F 0 and that the confidence interval before
the rotation is for the transformed variable F 0H .
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Figure 4.— Histogram of estimated common components �T = 100�. These histograms are for
the standardized estimates cit (i.e., min�

√
N�

√
T 
�C̃it −C0

it� divided by the estimated asymptotic
standard deviation). The standard normal density function is superimposed on the histograms.

values. This implies that there exists a transformation of F̃ such that it is almost
identical to F 0 when N is large.

7� concluding remarks

This paper studies factor models under a nonstandard setting: large cross
sections and a large time dimension. Such large-dimensional factor models
have received increasing attention in the recent economic literature. This paper
considers estimating the model by the principal components method, which is
feasible and straightforward to implement. We derive some inferential theory
concerning the estimators, including rates of convergence and limiting distribu-
tions. In contrast to classical factor analysis, we are able to estimate consistently
both the factors and their loadings, not just the latter. In addition, our results are
obtained under very general conditions that allow for cross-sectional and serial
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Figure 5.— Confidence intervals for F 0
t �t = 1� � � � � T �. These are the 95% confidence intervals

(dashed lines) for the true factor process F 0
t �t = 1�2� � � � �20� when the number of cross sections (N )

varies from 25 to 1000. The middle curve (solid line) represents the true factor process.

correlations and heteroskedasticities. We also identify a necessary and sufficient
condition for consistency under fixed T .
Many issues remain to be investigated. The first is the quality of approxima-

tion that the asymptotic distributions provide to the finite sample distributions.
Although our small Monte Carlo simulations show adequate approximation, a
thorough investigation is still needed to access the asymptotic theory. In particu-
lar, it is useful to document under what conditions the asymptotic theory would
fail and what are the characteristics of finite sample distributions. The task is then
to develop an alternative asymptotic theory that can better capture the known
properties of the finite sample distributions. This approach to asymptotic analysis
was used by Bekker (1994) to derive a new asymptotic theory for instrumental-
variable estimators, where the number of instruments increases with the sample
size; also see Hahn and Kursteiner (2000). This framework can be useful for fac-
tor analysis because the data matrix has two growing dimensions and some of
our asymptotic analysis restricts the way in which N and T can grow. In addition,
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Bekker’s approach might be useful when the number of factors �r� also increases
with N and T . Asymptotic theory for an increasing r is not examined in this
paper and remains to be studied.
Another fruitful area of research would be empirical applications of the the-

oretical results derived in this paper. Our results show that it is not necessary
to divide a large sample into small subsamples in order to conform to a fixed T
requirement, as is done in the existing literature. A large time dimension deliv-
ers consistent estimates even under heteroskedasticity and serial correlation. In
contrast, consistent estimation is not guaranteed under fixed T . Many existing
applications that employed classical factor models can be reexamined using new
data sets with large dimensions. It would also be interesting to examine common
cycles and co-movements in the world economy along the lines of Forni et al.
(2000b) and Gregory and Head (1999).
Recently, Granger (2001) and others called for large-model analysis to be on

the forefront of the econometrics research agenda. We believe that large-model
analysis will become increasingly important. Data sets will naturally expand as
data collection, storage, and dissemination become more efficient and less costly.
Also, the increasing interconnectedness in the world economy means that vari-
ables across different countries may have tighter linkages than ever before. These
facts, in combination with modern computing power, make large-model analysis
more pertinent and feasible. We hope that the research of this paper will encour-
age further developments in the analysis of large models.

Department of Economics, New York University, 269 Mercer St., 7th Floor,
New York, NY 10003 U.S.A.; jushan.bai@nyu.edu
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APPENDIX A: Proof of Theorem 1

As defined in the main text, let VNT be the r× r diagonal matrix of the first r largest eigenvalues
of �1/TN�XX ′ in decreasing order. By the definition of eigenvectors and eigenvalues, we have
�1/TN�XX ′F̃ = F̃ VNT or �1/NT �XX ′F̃ V −1

NT = F̃ . Let H = ��0′�0/N��F 0′F̃ /T �V −1
NT be an r × r

matrix and �NT =min�
√
N�

√
T 
. Assumptions A and B together with F̃ ′F̃ /T = I and Lemma A.3

below imply that �H� =Op�1�. Theorem 1 is based on the identity (also see Bai and Ng (2002)):

F̃t −H ′F 0
t = V −1

NT

(
1
T

T∑
s=1

F̃s�N �s� t�+
1
T

T∑
s=1

F̃s�st +
1
T

T∑
s=1

F̃s�st +
1
T

T∑
s=1

F̃s�st

)
�(A.1)

where

�st =
e′set
N

−�N �s� t��

�st = F 0′
s �0′et/N�(A.2)

�st = F 0′
t �0′es/N �

To analyze each term above, we need the following lemma.



factor models of large dimensions 159

Lemma A.1: Under Assumptions A–D,

�2
NT

(
1
T

T∑
t=1

∥∥F̃t −H ′F 0
t

∥∥2)=Op�1��

Proof: See Theorem 1 of Bai and Ng (2002). Note that they used �VNT F̃t −VNTH
′F 0

t �2 as the
summand. Because VNT converges to a positive definite matrix (see Lemma A.3 below), it follows
that �VNT � =Op�1� and the lemma is implied by Theorem 1 of Bai and Ng. Q.E.D.

Lemma A.2: Under Assumptions A–F, we have
(a) T −1∑T

s=1 F̃s�N �s� t�=Op�
1√

T �NT
�;

(b) T −1∑T
s=1 F̃s�st =Op�

1√
N�NT

�;

(c) T −1∑T
s=1 F̃s�st =Op�

1√
N
�;

(d) T −1∑T
s=1 F̃s�st =Op�

1√
N�NT

�.

Proof: Consider part (a). By adding and subtracting terms,

T −1
T∑
s=1

F̃s�N �s� t�= T −1
T∑
s=1

(
F̃s −H ′F 0

s +H ′F 0
s

)
�N �s� t�

= T −1
T∑
s=1

(
F̃s −H ′F 0

s

)
�N �s� t�+H ′T −1

T∑
s=1

F 0
s �N �s� t��

Now �1/T �
∑T

s=1 F
0
s �N �s� t�=Op�1/T � since

E

∣∣∣∣∣ T∑
s=1

F 0
s �N �s� t�

∣∣∣∣∣≤ (max
s

E
∥∥F 0

s

∥∥) T∑
s=1

��N �s� t�� ≤M 1+1/4

by Assumptions A and E1. Consider the first term:∣∣∣∣∣T −1
T∑
s=1

(
F̃s −H ′F 0

s

)
�N �s� t�

∣∣∣∣∣≤
(
1
T

T∑
s=1

∥∥F̃s −H ′F 0
s

∥∥2)1/2
1√
T

(
T∑
s=1

��N �s� t��2
)1/2

which is

Op

(
1

�NT

)
1√
T
O�1�=Op

(
1√

T �NT

)
by Lemma A.1 and Assumption E1. Consider part (b):

T −1
T∑
s=1

F̃s�st = T −1
T∑
s=1

(
F̃s −H ′F 0

s

)
�st +H ′T −1

T∑
s=1

F 0
s �st �

For the first term,∥∥∥∥∥T −1
T∑
s=1

(
F̃s −H ′F 0

s

)
�st

∥∥∥∥∥≤
(
1
T

T∑
s=1

∥∥F̃s −H ′F 0
s

∥∥2)1/2(
1
T

T∑
s=1

�2
st

)1/2

�

Furthermore,

T −1
T∑
s=1

�2
st =

1
T

T∑
s=1

[
e′set
N

−�N �s� t�

]2
= 1

T

T∑
s=1

[
e′set
N

− E�e′set�
N

]2

= 1
N

1
T

T∑
s=1

[
N−1/2

N∑
i=1

�eiseit −E�eiseit��

]2

=Op

(
1
N

)
�
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Thus the first term is

Op

(
1

�NT

)
Op

(
1√
N

)
�

Next,

T −1
T∑
s=1

F 0
s �st =

1
NT

T∑
s=1

N∑
i=1

F 0
s �eiseit −E�eiseit��=Op

(
1√
NT

)
by Assumption F1. Thus

T −1
T∑
s=1

F̃s�st =Op

(
1

�NT

)
·Op

(
1√
N

)
+Op

(
1√
NT

)
=Op

(
1√

N�NT

)
�

Consider part (c):

T −1
T∑
s=1

F̃s�st = T −1
T∑
s=1

(
F̃s −H ′F 0

s

)
�st +H ′T −1

T∑
s=1

F 0
s �st �

Note T −1∑T
s=1 F

0
s �st = � 1

T

∑T
s=1 F

0
s F

0′
s � 1

N

∑N
k=1 �kekt =Op�

1√
N
�. The first term is∥∥∥∥∥T −1

T∑
s=1

(
F̃s −H ′F 0

s

)
�st

∥∥∥∥∥≤
(
1
T

T∑
s=1

∥∥F̃s −H ′F 0
s

∥∥2)1/2

·
(
1
T

T∑
s=1

�2
st

)1/2

�

The first expression is Op�1/�NT � by Lemma A.1. For the second expression,

T −1
T∑
s=1

�2
st = T −1

T∑
s=1

(
F 0′
s �0′et/N

)2 ≤ ∥∥�0′et/N
∥∥2T −1

T∑
s=1

∥∥F 0
s

∥∥2 =Op

(
1
N

)
�

since �1/T �
∑T

s=1 �F 0
s �2 = Op�1�, and ��0′et/

√
N�2 = Op�1�. Thus, (c) is Op�1/

√
N�. Finally for

part (d),

T −1
T∑
s=1

F̃s�st = T −1
T∑
s=1

F̃sF
0′
t �0′es/N = T −1

T∑
s=1

�F̃se
′
s�

0/N�F 0
t

= 1
NT

T∑
s=1

�F̃s −H ′F 0
s �e

′
s�

0F 0
t + 1

NT

T∑
s=1

H ′F 0
s e

′
s�

0F 0
t �

Consider the first term∥∥∥∥∥
(

1
NT

T∑
s=1

(
F̃s −H ′F 0

s

)
e′s�

0

)
F 0
t

∥∥∥∥∥ ≤ 1√
N

(
1
T

T∑
s=1

∥∥F̃s −H ′F 0
s

∥∥2)1/2
(
1
T

T∑
s=1

∥∥∥∥ e′s�0

√
N

∥∥∥∥2
)1/2∥∥F 0

t

∥∥
=Op

(
1√
N

)
·Op

(
1

�NT

)
·Op�1�=Op

(
1√

N�NT

)
following arguments analogous to those of part (c). For the second term of (d),

1√
NT

T∑
s=1

F 0
s e

′
s�

0F 0
t = 1√

NT

(
T∑
s=1

N∑
k=1

F 0
s �

0′
k eks

)
F 0
t =Op�1��

by Assumption F2. Thus, N−1T −1∑T
s=1H

′F 0
s e

′
s�

0F 0
t = Op�1/

√
NT � and (d) is Op�1/

√
N�NT �. The

proof of Lemma A.2 is complete. Q.E.D.
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Lemma A.3: Assume Assumptions A–D hold. As T �N →�:

T −1F̃ ′
(

1
TN

XX ′
)
F̃ = VNT

p−→V �(i)

F̃ ′F 0

T

(
�0′�0

N

)
F 0′F̃
T

p−→V(ii)

where V is the diagonal matrix consisting of the eigenvalues of 
�
F .

Proof: From �1/TN�XX ′F̃ = F̃ VNT and F̃
′
F̃ /T = I , we have T −1F̃

′
�1/TN�XX ′F̃ = VNT . The

rest is implicitly proved by Stock and Watson (1999). The details are omitted. Q.E.D.

Because V is positive definite, the lemma says that F 0′F̃ /T is of full rank for all large T and N
and thus is invertible. We also note that Lemma A.3(ii) shows that a quadratic form of F 0′F̃ /T has
a limit. But this does not guarantee F 0′F̃ /T itself has a limit unless Assumption G is made. In what
follows, an eigenvector matrix of W refers to the matrix whose columns are the eigenvectors of W
with unit length and the ith column corresponds to the ith largest eigenvalue.

Proof of Proposition 1: Multiply the identity �1/TN�XX ′F̃ � F̃ VNT on both sides by
T −1��′�0/N�1/2F 0′ to obtain:(

�0′�0

N

)1/2

T −1F 0′
(
XX ′

TN

)
F̃ =

(
�0′�0

N

)1/2(
F 0′F̃
T

)
VNT �

Expanding XX ′ with X = F 0�0′ +e, we can rewrite the above as(
�0′�0

N

)1/2(
F 0′F 0

T

)(
�0′�0

N

)(
F 0′F̃
T

)
+dNT =

(
�0′�0

N

)1/2(
F 0′F̃
T

)
VNT(A.3)

where

dNT =
(
�0′�0

N

)1/2[(
F 0′F 0

T

)
�0′e′F̃ /�TN�+ 1

TN
F 0′e�0F 0′F̃ /T + 1

TN
F 0′ee′F̃ /T

]
=op�1��

The op�1� is implied by Lemma A.2. Let

BNT =
(
�0′�0

N

)1/2(
F 0′F 0

T

)(
�0′�0

N

)1/2

and

RNT =
(
�0′�0

N

)1/2(
F 0′F̃
T

)
�(A.4)

then we can rewrite (A.3) as[
BNT +dNT R

−1
NT

]
RNT =RNT VNT �

Thus each column of RNT , though not of length 1, is an eigenvector of the matrix �BNT +dNT R
−1
NT 	. Let

V ∗
NT be a diagonal matrix consisting of the diagonal elements of R′

NT RNT . Denote �NT =RNT V
∗
NT

−1/2

so that each column of �NT has a unit length, and we have[
BNT +dNT R

−1
NT

]
�NT = �NT VNT �

Thus �NT is the eigenvector matrix of �BNT +dNT R
−1
NT 	. Note that BNT +dNT R

−1
NT converges to B =


1/2
� 
F


1/2
� by Assumptions A and B and dNT = op�1�. Because the eigenvalues of B are distinct by

Assumption G, the eigenvalues of BNT +dNT R
−1
NT will also be distinct for large N and largeT by the
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continuity of eigenvalues. This implies that the eigenvector matrix of BNT +dNT R
−1
NT is unique except

that each column can be replaced by the negative of itself. In addition, the kth column of RNT (see
(A.4)) depends on F̃ only through the kth column of F̃ �k = 1�2� � � � � r�. Thus the sign of each
column in RNT and thus in �NT =RNT V

∗
NT

−1/2 is implicitly determined by the sign of each column in
F̃ . Thus, given the column sign of F̃ , �NT is uniquely determined. By the eigenvector perturbation
theory (which requires the distinctness of eigenvalues; see Franklin (1968)), there exists a unique
eigenvector matrix � of B =
1/2

� 
F

1/2
� such that ��NT −�� = op�1�. From

F 0′F̃
T

=
(
�0′�0

N

)−1/2

�NT V
∗
NT

1/2�

we have

F 0′F̃
T

p−→
−1/2
� �V 1/2

by Assumption B and by V ∗
NT

p−→V in view of Lemma A.3(ii). Q.E.D.

Proof of Theorem 1: Case 1:
√
N/T → 0. By (A.1) and Lemma A.2, we have

F̃t −H ′F 0
t =Op

(
1√

T �NT

)
+Op

(
1√

N�NT

)
+Op

(
1√
N

)
+Op

(
1√

N�NT

)
�(A.5)

The limiting distribution is determined by the third term of the right-hand side of (A.1) because it
is the dominant term. Using the definition of �st ,

√
N
(
F̃t −H ′F 0

t

)= V −1
NT T

−1
T∑
s=1

(
F̃sF

0′
s

) 1√
N

N∑
i=1

�0
i eit +op�1��(A.6)

Now �1/
√
N�

∑N
i=1 �

0
i eit

d−→N�0��t� by Assumption F3. Together with Proposition 1 and Lemma A.3,
we have

√
N�F̃t −H ′Ft�

d−→N�0�V −1Q�tQ
′V −1� as stated.

Case 2: If lim inf
√
N/T ≥ � > 0, then the first and the third terms of (A.1) are the dominant

terms. We have

T
(
F̃t −H ′F 0

t

)=Op�1�+Op�T /
√
N�=Op�1�

in view of lim sup�T /
√
N�≤ 1/� <�. Q.E.D.

Proof of Proposition 2: We consider each term on the right-hand side of (A.1). For the first
term,

max
t

T −1

∥∥∥∥∥ T∑
s=1

F̃s�N �s� t�

∥∥∥∥∥≤ T −1/2

(
T −1

T∑
s=1

�F̃s�2
)1/2

max
t

(
T∑
s=1

�N �s� t�
2

)1/2

�(A.7)

The above is Op�T
−1/2� following from T −1∑T

s=1 �F̃s�2 = Op�1� and
∑T

s=1 �N �s� t�
2 ≤ M1 for some

M1 <� uniformly in t. The remaining three terms of (A.1) are each Op��T /N�1/2� uniformly in t.
To see this, let  t = T −1∑T

s=1 F̃s�st . It suffices to show maxt � t�2 =Op�T /N�. But Bai and Ng (2002)
proved that

∑T
t=1 � t�2 =Op�T /N� (they used notation bt instead of � t�2). Bai and Ng also obtained

the same result for the third and the fourth terms. Q.E.D.
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APPENDIX B: Proof of Theorem 2

To prove Theorem 2, we need some preliminary results.

Lemma B.1: Under Assumptions A–F, we have

T −1�F̃ −F 0H�′ei =Op

(
1

�2
NT

)
�

Proof: From the identity (A.1), we have

T −1
T∑
t=1

(
F̃t −H ′F 0

t

)
eit = V −1

NT

[
T −2

T∑
t=1

T∑
s=1

F̃s�N �s� t�eit +T −2
T∑
t=1

T∑
s=1

F̃s�steit

+T −2
T∑
t=1

T∑
s=1

F̃s�steit +T −2
T∑
t=1

T∑
s=1

F̃s�steit

]
= V −1

NT �I+ II+ III+ IV ��

We begin with I , which can be rewritten as

I = T −2
T∑
t=1

T∑
s=1

(
F̃s −H ′F 0

s

)
�N �s� t�eit +T −2H ′

T∑
t=1

T∑
s=1

F 0
s �N �s� t�eit �

The first term is bounded by

T −1/2

(
1
T

T∑
s=1

�F̃s −H ′F 0
s �2

)1/2(
T −1

T∑
t=1

T∑
s=1

��N �s� t��2T −1
T∑
t=1

e2it

)1/2

= T −1/2Op

(
�−1
NT

)
Op�1��

where the Op�1� follows from Ee2it ≤M and T −1∑T
s=1

∑T
t=1 ��N �s� t��2 ≤M by Lemma 1(i) of Bai and

Ng (2002). The expected value of the second term of I is bounded by (ignore H)

T −2
T∑
t=1

T∑
s=1

��N �s� t���E
∥∥F 0

s

∥∥2�1/2�Ee2it�
1/2 ≤MT −1

(
T −1

T∑
t=1

T∑
s=1

��N �s� t��
)
=O�T −1�

by Assumption C2. Thus I is Op�T
−1/2�−1

NT �. For II, we rewrite it as

II = T −2
T∑
t=1

T∑
s=1

(
F̃s −H ′F 0

s

)
�steit +T −2H ′

T∑
t=1

T∑
s=1

F 0
s �steit �

The second term is Op�1/
√
NT � by Assumption F1. To see this, the second term can be written as

�1/
√
NT ���1/T �

∑T
t=1 zteit� with zt = �1/

√
NT �

∑T
s=1

∑N
k=1 F

0
s �eksekt −E�eksekt�	. By F1, E�zt�2 <M .

Thus E�zteit� ≤ �E�Zt�2Ee2it�
1/2 ≤ M . This implies �1/T �

∑T
t=1 zteit = Op�1�. For the first term, we

have ∥∥∥∥∥T −2
T∑
t=1

T∑
s=1

�F̃s −H ′F 0
s ��steit

∥∥∥∥∥
≤
(
1
T

T∑
s=1

�F̃s −H ′F 0
s �2

)1/2(
1
T

T∑
s=1

(
1
T

T∑
t=1

�steit

)2)1/2

�

But

1
T

T∑
t=1

�steit =
1√
N

1
T

T∑
t=1

(
1√
N

N∑
k=1

�eksekt −E�eksekt�	

)
eit =Op�N

−1/2��
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So the first term is

Op

(
1

�NT

)
·Op

(
1√
N

)
=Op

(
1

�NT

√
N

)
�

Thus II =Op�1/�NT

√
N�.

For III, we rewrite it as

III = T −2
T∑
t=1

T∑
s=1

(
F̃s −H ′F 0

s

)
�steit +T −2

T∑
t=1

T∑
s=1

H ′F 0
s �steit �

The first term is bounded by(
1
T

T∑
s=1

∥∥F̃s −H ′F 0
s

∥∥2)1/2

·
(
1
T

T∑
s=1

(
1
T

T∑
t=1

�steit

)2)1/2

=Op

(
1

�NT

)
Op

(
1√
N

)
because

1
T

T∑
t=1

�steit =
1√
N

F 0′
s

1
T

T∑
t=1

(
1√
N

N∑
k=1

�kekt

)
eit�

which is Op�N
−1/2�. The second term of III can be written as

H ′
(
1
T

T∑
s=1

F 0
s F

0′
s

)(
1

TN

T∑
t=1

N∑
k=1

�kekteit

)
(B.1)

which is Op��NT �−1/2� if cross-section independence holds for the e’s. Under weak cross-sectional
dependence as in Assumption E2, the above is Op��NT �−1/2�+Op�N

−1�. This follows from ekteit =
ekteit−�ki� t+�ki� t , where �ki� t =E�ekteit�. We have �1/TN�

∑T
t=1

∑N
k=1 ��kit � ≤ �1/N�

∑N
k=1 �ki =O�N−1�

by E2, where ��ki� t � ≤ �ki . In summary, III is Op�1/�NT

√
N�+O�N−1�. The proof of IV is similar to

that of III. Thus

I + II+ III+ IV =Op

(
1√

T �NT

)
+Op

(
1

�NT

√
N

)
+Op

(
1√
NT

)
+Op

(
1
N

)

=Op

(
1

�2
NT

)
� Q�E�D�

Lemma B.2: Under Assumptions A–F, the r× r matrix T −1�F̃ −F 0H�′F 0 =Op��
−2
NT �.

Proof: Using the identity (A.1), we have

T −1
T∑
t=1

�F̃t −H ′F 0
t �F

0′
t = V −1

NT

[
T −2

T∑
t=1

T∑
s=1

F̃sF
0′
t �N �s� t�+T −2

T∑
t=1

T∑
s=1

F̃sF
0′
t �st

+T −2
T∑
t=1

T∑
s=1

F̃sF
0′
t �st +T −2

T∑
t=1

T∑
s=1

F̃sF
0′
t �st

]
= V −1

NT �I + II+ III+ IV ��

Term I is Op�T
−1/2�−1

NT �. The proof is the same as that of I of Lemma B.1. Next,

II = T −2
T∑
t=1

T∑
s=1

�F̃s −H ′F 0
s �F

0′
t �st +T −2

T∑
t=1

T∑
s=1

H ′F 0
s F

0′
t �st �
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The first term is Op�1/�NT

√
N� following arguments analogous to Lemma B.1. The second term is

Op�1/
√
NT � by Assumption F1 and the Cauchy-Schwarz inequality. Thus, II =Op�1/�NT

√
N�. Next,

note that

III = T −2
T∑
t=1

T∑
s=1

�F̃s −H ′F 0
s �F

0′
t �st +T −2

T∑
t=1

T∑
s=1

H ′F 0
s F

0′
t �st �

Now

T −2
T∑
t=1

T∑
s=1

H ′F 0
s F

0′
t �st =H ′

(
1
T

T∑
s=1

F 0
s F

0′
s

)
1

TN

T∑
t=1

N∑
k=1

�kF
′
t ekt =Op�1�Op

(
1√
NT

)
by Assumption F2. Consider∥∥∥∥∥T −2

T∑
t=1

T∑
s=1

�F̃s −H ′F 0
s �F

0′
t �st

∥∥∥∥∥≤
(
1
T

T∑
s=1

�F̃s −H ′F 0
s �2

)1/2(
1
T

T∑
s=1

∥∥∥∥∥ 1
T

T∑
t=1

F 0′
t �st

∥∥∥∥∥
2)1/2

�

The second term can be rewritten as(
1
T

T∑
s=1

∥∥∥∥∥ 1
NT

T∑
t=1

F 0′
t

N∑
k=1

F 0′
s �kekt

∥∥∥∥∥
2)1/2

= 1√
NT

(
1
T

T∑
s=1

∥∥∥∥∥F 0′
s

1√
NT

T∑
t=1

N∑
k=1

�kF
0′
t ekt

∥∥∥∥∥
2)1/2

which is Op�1/
√
NT � by F2. Therefore,

T −2
T∑
t=1

T∑
s=1

�F̃s −H ′F 0
s �F

0′
t �st =Op

(
1

�NT

)
·Op

(
1√
NT

)
�

Thus,

III =Op

(
1

�NT

)
·Op

(
1√
NT

)
+Op

(
1√
NT

)
=Op

(
1√
NT

)
�

The proof for IV is similar to that of III. Thus

I + II+ III+ IV =Op

(
1√

T �NT

)
+Op

(
1

�NT

√
N

)
+Op

(
1√
NT

)
=Op

(
1

�2
NT

)
� Q�E�D�

Lemma B.3: Under Assumptions A–F, the r× r matrix T −1�F̃ −F 0H�′F̃ =Op

(
�−2
NT

)
.

Proof:

T −1�F̃ −F 0H�′F̃ = T −1�F̃ −F 0H�F 0H +T −1�F̃ −F 0H�′�F̃ −F 0H��

The lemma follows from Lemma B.2 and Lemma A.1. Q.E.D.

Proof of Theorem 2: From �̃ = F̃ ′X/T and X = F 0�0′ + e, we have �̃i = T −1F̃ ′F 0�0
i +

T −1F̃ ′ei. Writing F 0 = F 0− F̃ H−1+ F̃ H−1 and using T −1F̃ ′F̃ = I , we obtain

�̃i =H−1�0
i +T −1H ′F 0′ei +T −1F̃ ′�F 0− F̃ H−1��0

i +T −1�F̃ −F 0H�′ei�

Each of the last two terms is Op��
−2
NT � by Lemmas B.3 and B.1. Thus

�̃i −H−1�0
i =H ′ 1

T

T∑
s=1

F 0
s eis +Op

(
1

�2
NT

)
�(B.2)
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Case 1:
√
T /N → 0. Then

√
T /�2

NT → 0 and thus

√
T ��̃i −H−1�0

i �=H ′ 1√
T

T∑
s=1

F 0
s eis +op�1��

But H ′ →V −1Q
� =Q′−1. The equality follows from the definition of Q; see Proposition 1. Together
with Assumption F4, the desired limiting distribution is obtained.

Case 2: lim inf
√
T /N ≥ c with c > 0. The first term on the right-hand side of (B.2) is Op�T

−1/2�,
and the second term is Op�N

−1� in view of N � T and thus �2
NT =O�N�. Thus

N��̃i −H−1�0
i �=Op�N/

√
T �+Op�1�=Op�1�

because lim sup�N/
√
T �≤ 1/c <�. Q.E.D.

APPENDIX C: Proof of Theorem 3

From C0
it = F 0′

t �0
i and C̃it = F̃ ′

t �̃i, we have

C̃it −C0
it = �F̃t −H ′F 0

t �
′H−1�0

i + F̃ ′
t ��̃i −H−1�0

i ��

By adding and subtracting, the second term can be written as

F 0′
t H��̃i −H−1�0

i �+ �F̃t −H ′F 0
t �

′��̃i −H−1�0
i �= F 0′

t H��̃i −H−1�0
i �+Op�1/�

2
NT ��

Thus,

C̃it −C0
it = �0′

i H
′−1�F̃t −H ′F 0

t �+F 0′
t H��̃i −H−1�0

i �+Op�1/�
2
NT ��

From (A.5) and (A.6) ,

�NT �F̃t −H ′F 0
t �=

�NT√
N

V −1
NT

(
F̃ ′F 0

T

)
1√
N

N∑
k=1

�0
kekt +Op�1/�NT ��

From (B.2),

�NT ��̃i −H−1�0
i �=

�NT√
T
H ′ 1√

T

T∑
s=1

F 0
s eis +Op

(
1

�NT

)
�

Combining the preceding three equations, we obtain

�NT �C̃it −C0
it�=

�NT√
N

�0
i H

′−1V −1
NT

(
F̃ ′F 0

T

)
1√
N

N∑
k=1

�0
kekt

+ �NT√
T
F 0′
t HH ′ 1√

T

T∑
s=1

F 0
s eis +Op

(
1

�NT

)
�

By the definition of H , we have H ′−1V −1
NT �F̃

′F 0/T �= ��0′�0/N�−1. In addition, it can be shown that
HH ′ = �F 0′F 0/T �−1+Op�1/�2

NT �. Thus

�NT �C̃it −C0
it�=

�NT√
N

�0
i

(
�0′�0

N

)−1 1√
N

N∑
k=1

�0
kekt

+ �NT√
T
F 0′
t

(
F 0′F 0

T

)−1 1√
T

T∑
s=1

F 0
s eis +Op

(
1

�NT

)
�
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Let

�NT = �0
i

(
�0′�0

N

)−1 1√
N

N∑
k=1

�0
kekt �

Then �NT

d−→�
d=N�0�Vit� by Assumptions B and F3, where Vit is defined in Theorem 3. Let

�NT = F 0′
t

(
F 0′F 0

T

)−1 1√
T

T∑
s=1

F 0
s eis �

Then �Nt

d−→ �
d=N�0�Wit� by Assumptions A and F4, where Wit is defined in Theorem 3. In addition,

�NT and �NT are asymptotically independent because the former is the sum of cross-section random
variables and the latter is the sum of a particular time series (ith). Asymptotic independence holds
under our general assumptions that allow for weak cross-section and time series dependence for eit .
This implies that ��NT � �NT � converges (jointly) to a bivariate normal distribution. Let aNT = �NT /

√
N

and bNT = �NT /
√
T ; then

�NT �C̃it −C0
it�= aNT �NT +bNT �NT +Op�1/�NT ��(C.1)

The sequences aNT and bNT are bounded and nonrandom. If they converge to some constants, then
asymptotic normality for C̃it follows immediately from Slustky’s Theorem. However, aNT and bNT

are not restricted to be convergent sequences; it requires an extra argument to establish asymptotic
normality. We shall use an almost sure representation theory (see Pollard (1984, page 71)). Because
��NT � �NT �

d−→��� ��, the almost sure representation theory asserts that there exist random vectors
��∗

NT � �
∗
NT � and ��∗� �∗� with the same distributions as ��NT � �NT � and ��� �� such that ��∗

NT � �
∗
NT �−→

��∗� �∗� (almost surely). Now

aNT �
∗
NT +bNT �

∗
NT = aNT �

∗ +bNT �
∗ +aNT ��

∗
NT −�∗�+bNT ��

∗
NT − �∗��

The last two terms are each op�1� because of the almost sure convergence. Because �∗ and �∗

are independent normal random variables with Vit and Wit as their variances, we have aNT �
∗ +

bNT �
∗ d=N�0� a2

NT Vit +b2
NTWit�. That is, �a2

NT Vit +b2
NTWit�

−1/2�aNT �
∗ +bNT �

∗�
d=N�0�1�. This implies

that

aNT �
∗
NT +bNT �

∗
NT

�a2
NT Vit +b2

NTWit�
1/2

d−→N�0�1��

The above is true with ��∗
NT � �

∗
NT � replaced by ��NT � �NT � because they have the same distribution.

This implies that, in view of (C.l),

�NT �C̃it −C0
it�

�a2
NT Vit +b2

NTWit�
1/2

d−→N�0�1��

The above is (5), which is equivalent to Theorem 3. Q.E.D.

APPENDIX D: Proof of Theorems 4 and 5

To prove Theorem 4, we need the following lemma. In the following, Ik denotes the k×k identity
matrix.

Lemma D.1: Let A be a T ×r matrix (T > r) with rank(A) = r, and let � be a semipositive definite
matrix of T ×T . If for every A, there exist r eigenvectors of AA′ +�, denoted by � �T × r�, such that
� =AC for some r× r invertible matrix C, then �= cIT for some c ≥ 0.



168 jushan bai

Note that if � = cIT for some c, then the r eigenvectors corresponding to the first r largest eigen-
values of AA

′ +� are of the form AC. This is because AA
′ and AA

′ + cIT have the same set of
eigenvectors, and the first r eigenvectors of AA

′ are of the form AC. Thus � = cIT is a necessary
and sufficient condition for AC to be the eigenvectors of AA

′ +� for every A.

Proof: Consider the case of r = 1. Let �i be a T ×1 vector with the ith element being 1 and 0
elsewhere. For example, �1 = �1�0� � � � �0�′. Let A = �1. The lemma’s assumption implies that �1 is
an eigenvector of AA

′ +�. That is, for some scalar a (it can be shown that a > 0),

��1�
′
1+���1 = �1a�

The above implies �1 +�1 = �1a, where �1 is the first column of �. This in turn implies that all
elements, with possible exception for the first element, of �1 are zero. Applying the same reasoning
with A= �i �i= 1�2� � � � � T �, we conclude � is a diagonal matrix such that �= diag�c1� c2� � � � � cT �.
Next we argue the constants ci must be the same. Let A = �1 +�2 = �1�1�0� � � � 0�′. The lemma’s
assumption implies that � = �1/

√
2�1/

√
2�0� � � � �0�′ is an eigenvector of AA

′ +�. It is easy to verify
that �AA

′ +��� = �d for some scalar d implies that c1 = c2. Similar reasoning shows all the cj ’s are
the same. This proves the lemma for r = 1. The proof for general r is omitted to conserve space, but
is available from the author (the proof was also given in an earlier version of this paper). Q.E.D.

Proof of Theorem 4: In this proof, all limits are taken as N →�. Let ! = plimN→�N−1ee′ =
plimN−1∑N

i=1 eie
′
i. That is, the �t� s�th entry of ! is the limit of �1/N�

∑N
i=1 eiteis . From

�TN�−1XX ′ = T −1F 0��0′�0/N�F 0′ +T −1F 0��0′e′/N�+T −1�e�0/N�F 0′ +T −1�ee′/N��

we have �1/TN�XX ′ p−→B with B = �1/T �F 0
�F
0′ + �1/T �! because the two middle terms con-

verge to zero. We shall argue that consistency of F̃ for some transformation of F 0 implies ! =
� 2IT . That is, equation (6) holds. Let "1 ≥ "2 ≥ · · · ≥ "T be the eigenvalues of B with "r > "r+1.
Thus, it is assumed that the first r eigenvalues are well separated from the remaining ones. With-
out this assumption, it can be shown that consistency is not possible. Let � be the T × r matrix
of eigenvectors corresponding to the r largest eigenvalues of B. Because �1/TN�XX ′ p−→B, it fol-
lows that �PF̃ −P� � = �F̃ F̃ ′ −�� ′� p−→0. This follows from the continuity property of an invari-
ance space when the associated eigenvalues are separated from the rest of the eigenvalues; see, e.g.,
Bhatia (1997). If F̃ is consistent for some transformation of F 0, that is, �F̃ −F 0D�→ 0 with D being
an r × r invertible matrix, then �PF̃ −PF 0� → 0, where PF 0 = F 0�F 0′F 0�−1F 0′. Since the limit of PF̃

is unique, we have P� = PF 0 . This implies that � = F 0C for some r × r invertible matrix C. Since
consistency requires that this be true for every F 0, not just for a particular F 0, we see the existence
of r eigenvectors of B in the form of F 0C for all F 0. Applying Lemma D.1 with A = F 0
1/2

� and
�= T −1! , we obtain ! = cIT for some c, which implies condition (6). Q.E.D.

Proof of Theorem 5: By the definition of F̃ and VNT , we have �1/NT �XX ′F̃ = F̃ VNT . Since
W and W +cI have the same set of eigenvectors for an arbitrary matrix W , we have(

1
NT

XX ′ −T −1�̄ 2
N IT

)
F̃ = F̃ �VNT −T −1�̄ 2

N Ir ��

Right multiply JNT = �VNT −T −1�̄ 2
N Ir �

−1 on both sides to obtain(
1

NT
XX ′ −T −1�̄ 2

N IT

)
F̃ JNT = F̃ �

Expanding XX ′ and noting that �1/TN�ee′ −T −1�̄ 2
N IT = �1/TN��ee′ −E�ee′�	, we have

F̃t − �H ′F 0
t = JNT T

−1
T∑
s=1

F̃s�st + JNT T
−1

T∑
s=1

F̃s�st + JNT T
−1

T∑
s=1

F̃s�st�(D.1)
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where �H =HVNT JNT . Equation (D.1) is similar to (A.1). But the first term on the right-hand side
of (A.1) disappears and V −1

NT is replaced by JNT . The middle term of (D.1) is of Op�N
−1/2� and each

of the other two terms is Op�N
−1/2�−1

NT � by Lemma A.2. The rest of the proof is the same as that of
Theorem 1, except no restriction between N and T is needed. In addition,

�t = � = lim
1
N

N∑
i=1

N∑
j=1

�0
i �

0′
j E�eitejt�= lim

1
N

�0′��0� Q�E�D�

APPENDIX E: Proof of Theorem 6

First we show �̂t is consistent for �t . A detailed proof will involve four steps:

1
N

N∑
i=1

ẽ2it �̃i�̃
′
i −

1
N

N∑
i=1

e2it �̃i�̃
′
i = op�1��(i)

1
N

N∑
i=1

e2it �̃i�̃
′
i −H−1�

1
N

N∑
i=1

e2it�
0
i �

0′
i ��H

′�−1 = op�1��(ii)

1
N

N∑
i=1

e2it�
0
i �

0′
i −

1
N

N∑
i=1

� 2
it�

0
i �

0′
i = op�1��(iii)

H−1 →Q�(iv)

The first two steps imply that ẽ2it can be replaced by e2it and �̃i can be replaced by H−1�0
i . A rigorous

proof for (i) and (ii) can be given, but the details are omitted here (a proof is available from the
author). Heuristically, (i) and (ii) follows from ẽit = eit +Op��

−1
NT � and �̃i =H−1�0

i +Op��
−1
NT �, which

are the consequences of Theorem 3 and Theorem 2, respectively. The result of (iii) is a special case
of White (1980), and (iv) is proved below. Combining these results together with (4), we obtain

�̂t = �V −1
NT �

1
N

N∑
i=1

ẽ2it �̃i�̃
′
i�V

−1
NT �

p−→V −1Q�tQ
′V −1 =�t�

Next, we prove �̂i is consistent for �i. Because F̃t is estimating H ′F 0
t , the HAC estimator �̂i based

on F̃t ẽit �t = 1�2� � � � � T � is estimating H 0′�iH
0, where H 0 is the limit of H . The consistency of �̂i

for H 0′�iH
0 can be proved using the argument of Newey and West (1987). Now

H ′ = V −1
NT �F̃

′F 0/T ���0′�/N�→ V −1Q
��

The latter matrix is equal to Q′−1 (see Proposition 1). Thus �̂i is consistent for Q′−1�iQ
−1.

Next, we argue V̂it is consistent for Vit . First note that cross-section independence is assumed
because Vit involves �t . We also note that Vit is simply the limit of

�0′
i

(
�0′�0

N

)−1( 1
N

N∑
k=1

e2kt�
0
k�

0′
k

)(
�0′�0

N

)−1

�0
i �

The above expression is scale free in the sense that an identical value will be obtained when replacing
�0
j by A�0

j (for all j), where A is an r× r invertible matrix. The consistency of V̂it now follows from
the consistency of �̃j for H−1�0

j .
Finally, we argue the consistency of Ŵit = F̃ ′

t �̂iF̃t for Wit . The consistency of �̂i for Q′−1�iQ
−1

is already proved. Now, F̃ ′
t is estimating F 0′

t H but H → Q−1. Thus Ŵit is consistent for
F 0′
t Q−1Q′−1�iQ

−1Q′−1F 0
t ≡Wit because Q−1Q′−1 =
−1

F (see Proposition 1). This completes the proof
of Theorem 6. Q.E.D.
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